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Abstract. Let L be a Lie algebra of Block type over C with basis {L^^i S Z} and brackets 
[La^i, Lpj] = {(3[i + 1) — a[j + l))La_|_^^j_|_j. In this paper, we shall construct a formal distribution 
Lie algebra of L. Then we decide its conformal algebra B with C[(9]-basis {La{w) | q € Z} and 
A-brackets [La{w)\Lp{wy\ = {ad + (a + j3)\)La+p{w). Finally, we give a classification of free 
intermediate series -B-modules. 
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1 Introduction 

Lie conformal algebra encodes an axiomatic description of the operator product expansion 
of chiral fields in conformal field theory. Kac introduced the notion of the conformal algebra 
in [6l [7]. It turns out to be an adequate tool for the study of some infinite dimensional 
Lie algebras. Fattori and Kac gave a complete classification of finite simple Lie conformal 
superalgebras in [5] . And the cohomology theory of finite simple Lie conformal superalgebras 
was developed in [H [2] . 

In this paper, we would like to construct and study a new Lie conformal algebra related 
to Block type Lie algebras. Block type Lie algebras were first introduced by Block in [3]. 
Let L be a Lie algebra over C with basis | a, i G Z} and Lie brackets defined by 

[L„,i, L^j] = + 1) - a(j + l))Lo,+f}^i+y (LI) 

Then L is called a Lie algebra of Block type, whose general definitions were given in |4], which 
also comes up as a generalization of the Lie algebra studied in [9l [10] . Block type Lie algebras 
have been widely studied in mathematical literatures(|l], [8]-[T3], [I5]-[T7]). However, there 
is little about its conformal algebra. We believe this article would play an energetic role on 
the study of Block type Lie algebras. 

This paper proceeds as follows. In section 2, the preliminaries of conformal algebra are 
recalled. In Section 3, we will start from L to construct its Lie algebra of formal distributions. 
Then we shall construct the related Lie conformal algebra i?, which is our main interest of 
this paper. Finally, we will go on to study the representations of B and give a classification 
of its free intermediate series modules in Section 4. 

The main results in this article are the following two theorems. 
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Theorem 1.1. Let B be a free C[d]-'module with basis {La{w)\a G Z}, that is, B = 
C[9]Lq,(u'). We define a X-bracket on the basis of B as 

[La{w)xLfs{w)] = (ad + {a + /3)A)L„+/3(w), 

and expand by relations (12.11) — (12.31) . Then B becomes a Lie conformal algebra. 

Theorem 1.2. Any nontrivial free intermediate series B-module must be isomorphic to one 
of the following three classes: 

Vc,D = e 'C[d]v, : 

7ez 



La{w)\v^ = ((a + 7 + C)X + a{d + D))va+^] 
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((a + 7) A + a{d + D))va^^ if j and a + 7 7^ 0, 
La{w)xv^={ aiX + d + Dfva+j «/7 = 0, 

a Va+'y z/ a + 7 = 0; 

{((a + 7) A + a{d + D))va+-y 2/7 7^ and a + 7 7^ 0, 
a^^a+7 if 1 = 0, 

a{d + DYva+'Y z/q; + 7 = 0, 

where the module actions are defined on basis elements and C,D & C are constants. 
Note that Vc^d is isomorphic to Vc+n,D for any n G Z. 

2 Preliminaries 

First we shaU hst some definitions and resuhs related to formal distributions and A-products. 

Definition 2.1. Let g be a Lie algebra. A formal distribution is called (7-valued if its 

coefficients are all in g. 

We define the Dirac's 6 distribution to be 



i(.v^) = E--"(7)" = E--'(^;)" 

We already have the following lemma about Dirac's 5 distribution. 



Lemma 2.2. //m, n G N and m > n, then {z — w)"^dl^S(z, w) = 0. 

A formal distribution a{z,w) is called local if there exists an G Z+ such that {z — 
w)'^a{z,w) = 0. The following proposition describes an equivalent condition for a formal 
distribution to be local with the help of Dirac's S: 

Proposition 2.3. A formal distribution a{z, w) is local if and only if it is an expansion of 
dljS{z,w), j G Z. That is, a{z,w) can be written into 

where c^{w) G (^[[u;, ty^-'^]] . 

Definition 2.4. Let a{w) and b{w) be formal distributions. Their j-product and X- 
product are defined by 

a{w)(^j)b{w) = ReSz{z — wY [a{z) , b{w)] 

and 

[a{w),b{w)] Ja{z),b{w)], 

where = Res ze^^'^~'"\ 

For local formal distributions, we have 
Proposition 2.5. If a{z,w) is local, then 

K^a{z,w) = <^;^i-'^-a{z,w). 
The j'-products and A-products are just the two sides of the same coin: 
Proposition 2.6. The j-products and X-products are related by the following identity 

Now, we introduce some definitions about Lie conformal algebra. 

Definition 2.7. A Lie conformal algebra R is a left C[d]-module endowed with a X- 
bracket [axb] which defines a linear map ® i? — > R[X] = C[X] (g) R, subject to the following 
three axioms: 

[daxb] = —X[axb], [a\db] = {d + X)[axb], {conformal sesquilinearity) , (2.1) 
[bxa] = —[a^g^xb], {skew symmetry), (2.2) 

[[axb]x+^,c] = [ax[bf,c]] - [bf,[axc]], {Jacobi identity). (2.3) 

A Lie conformal algebra R is finite if it is finitely generated as a C[d]-module. 
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Suppose there is a local family F of g-valued formal distributions whose coefficients can 
generate the whole g, then F is called a formal distribution Lie algebra of g. We denote by 
F the minimal subspace of g[[z, z~^]], which is closed under the j-products and contains F. 
Then F is called the minimal local family of F. Let i? be a subset of which is 

closed under the derivation d over z. If R contains F, we shall call it a conformal family. 
Note that a conformal family R has the structure of a C[5]-module. 

Definition 2.8. A i?-module V is defined to be a C[d]-'module with a X-action 

axv:RxV-> V[[X\] 

such that for any a,b E R,v E V , we have 

[axb]x+^^v = ax{bf,v) - b^{axv), (2.4) 
{da)xv = —Xaxv, (2.5) 
axidv) = {d + \)axv. (2.6) 

We call a R-module V conformal if ax'v G V^[A] for all a E R, v E V; Z-graded if V = 
©7GZ ^7 ^ C[d]-module and {Ra)xV-y C Vq+^ for any a,7 G Z. In addition, if each 
can be generated by one element G over C[(9], we call V an intermediate series 
R-module. An intermediate series R-module V is called free if each is freely generated 
by some G over C[9]. 

3 The Lie Conformal Algebra B 

In this section, we shall start from the Lie algebra L to construct a Lie conformal algebra B 
via formal distribution Lie algebras. 

Let La{z) = G -B[[2;, 2;"^]], for any a G Z. Then F = {La{z) | a G Z} is 

a set of L-valued formal distributions. We can use F to express the Lie brackets of L into 
formal distributions as: 

Proposition 3.1. The commutation relation between La{z) and Lii{w) is 

[La{z),Lp{w)] = adn,La+i3{w)6{z,w) + {a + l3)La+i3{w)dn,S{z,w). 
Proof. Using equation (II. ip . we obtain 

[L^{z),L0{w)] = [^L^^i_iZ-'-\^L,3j_iw~^~^] 

iGZ jGZ 
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= ad^{La+(siw)S{z,w)) 




{w)d^5{z,w) 



where k = i + j — 1. □ 

By Proposition 12. 3[ we know that [La{z),Li3{w)] is local for any a, /3 G Z, which suggests 
F is a local family of formal distributions. Since the coefficients of F is a basis of L, we 
conclude that F is a formal distribution Lie algebra of L. 

Proposition 3.2. In terms of X brackets, we have 

[La{w)xL,s{w)] = {ad + {a + /3)A)L„+^(ty). 
Proof. By Definition 12.41 and Proposition 13.11 we have 

= ReSze^''''~'"\adwLa+i3iw)6{z,w) + {a + f3)La+i3{w)dy,6{z,w)). 
The first term can be calculated as 

°° A* 

ReS;,e^^''~'^''d^La+i3{w)6{z, w) = Res^ ~ wyd^Lc,+p{w)5{z, w) 

1=0 ^' 

°° A* 

= dyjLa+p{w) ^ —Res^{z - wyS{z, w), 

i=0 

Since by Proposition 12.21 we know that ReSz{z — wyS{z, w) = for i > 1, we have 

ReSze^^''~'"'>du,La+p{w)6{z,w) = duiLa+p{w)ReSzS{z,w) = dujL^+piw). 
Similarly, for the second term 

ReS;,e^^''~'"^La+i3{w)du,6{z,w) = Res^ ^ —{z - wYLa+p{w)d^5{z,w) 

1=0 ^' 
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= La+f}{w) ^ —Res^{z - wyd^6{z, w), 

i=0 ^' 

by Proposition 12.21 again, we have ReSz{z — wydwS{z, w) = for all i > 2, which means 
Res,e^^'~''^L^+^{w)d^6{z,w) 

= La+i3{w){ReSzdwS{z, w) + \ReSz{z — w)dw5{z, w)) 

= XLa+l3{w). 

Hence we obtain 

□ 

The equality in Proposition 13.21 can be rewritten as: 

[Laiw)xLp{w)] = ^adLa+piw) + ^{a + (3)La+is{w). 
By Proposition 12.61 this implies 

Proposition 3.3. The j -products corresponding to the X-products of F are La{w)(Q)Lp{w) = 
adLa+i3{w), La{w)(i)Lii{w) = (a + l3)La+p{w) and La{w)i^j)Lf}{w) = for j 0,1. 

Therefore, C[(9]F = ^^ez C[<9]-Lq- is closed under j-products and we have F = 0Q,g^ C[9]L, 
Since C[9]F has a natural C[9]-module structure, we obtain the corresponding conformal 
family B = C[d]F = 0^^^ C[d]L^. 

Now we claim B is an infinite dimensional Lie conformal algebra. We shall check the 
conformal algebra structure on B directly as follows: 

Proof of Theorem \l.l[ We need to check (12. ip — (12. 3p for the basis elements of B. 

It is easy to see that (12. ip can be proved immediately from Proposition 12. 5[ and (12. 2p 
can be checked as follows, 

= -{ad +{a + f3){-\ - d))L^+p{w) 

Now we compute the terms of Jacobi identity (12. Sp separately. 

[La{w)x[Lf3{w)^L^{w)]] = [La{w)xil3d+ (/3 + 'y)fi)L(s+^{w)] 

= (3[Laiw)xdL,3+^{w)] + + 'j)[La{w)xL^+^{w)] 

= P{d + \){ad+{a + P + ^)\)L^+p+^{w) (3.1) 

+ /i(/3 + 7)(a9 + (a + /3 + 7)A)L„+/3+^(u') 
= {Pd + /3A + + ^l'^){a^ +{a + (3 + -f)\)La+i3+^{w). 
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Similarly, we have 



[[La{w)xL(3{w)]x+f,L^{w)] = [{ad+ {a + f3)\)La+|3{w)x+^,L^{w)] 



= -(A + fi)a{{a + f3)d + {a + (3 + ■y){X + iJi))La+p+^{w) 
+ (a + /3)A((a + + (a + /3 + 7)(A + ^i))L^+ii+^{w) 
= (A/3 - + + (a + /3 + 7)(A + ^))L„+;3+7(w^), 



(3.2) 



and 



[Li3{w)^[La{w)\L^{w)]] = (ad + a/i + aA + 'y\){(3d +(« + /? + 7)/i)LQ,+^+^(M;). (3.3) 
Note that (13. 3p can be obtained by subtracting (13. 2p from ( 13. ip . that is, 

[L/3(w)^[La(M;)AL^(w)]] = [Lq(w)a[L/3(w)^L^(w)] - [[La(w)A-^^/3(w)]A+A*-^^7(w)], 



Note that 5 is a Z- graded Lie conformal algebra in the sense B = ^^^i B^, where 



In this section, we will give a classification of all free intermediate series modules over B. 

Let V be an arbitrary free intermediate series S-module. Then as a C[9]-module, V = 
©^gz^75 where each is freely generated by some element G V^. For any a,7 G Z, 
denote La{w)\v^ = fa,'y{^,d)va+-y We call {/a,7(A,9) G C[A,9] |a,7 G Z} the structure 
coefficients of V associated with the C[(?]-basis {v^ | 7 G Z}. We can see that V is determined 
if and only if all of its structure coefficients are specified. 

Proposition 4.1. The structure coefficients fa,-y{^, d) of a free intermediate series B-module 
V must satisfy the following equality 

{I3X - a/i)/„+/3,^(A + /i, (9) = //3,7(/i, d + A)/«,/3+^(A, d) - fa,j{X, d + n)fp^a+^{n, d). (4.1) 

Proof. By Definition 12. 8[ we can write equation (12.41) with respect to the basis elements of 
B and V as 



which proves the Jacobi identity. 



□ 



B^ = C[d]L^{w). 



4 The Representations of B 



(4.2) 



for any a, /3, 7 G Z. 

The left side of the equation can be calculated as 



[La{w)xL^{w)]x+^,v. 



'7 
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(((a + i3)X + ad)La+i3{w))x+^,v^ 
{{a + (3)\ - a{\ + fi))La+i3{w)x+f,v. 



Similarly 



Hence follows the equality (14. II) . 



□ 



From now on, we shall focus on analyzing the structure coefficients of an intermediate 
series 5- module V using equation (14. ip . We will sometimes use the notation /^. ^ instead of 
fx,y{,^,d) for convenience. 

Lemma 4.2. (a) // /i ,^(, = for some 70, then fa^^ = for 7 < 70 and a + 7 > 70 + 1- 
(b) // = for some 70, then fa^-y = for 7 > 70 and « + 7 < 7o + 1- 

Proof. We prove (a) first. 

Let's use induction on 7. If 7 = 70, let /3 = a = 1, 7 = 70 in equation (14. ip . we have 
/2,7o = 0, by induction on a, the result follows. 

Suppose the result holds for some 7 = < 70, that is, fa,n = for all a > 70 — 7 + 1 = 
7o — n + 1. If 7 = n — 1, we need to prove fa,n-i = for all a > 70 — n + 2. 

Let 7 = n — l,a = 7o — n + l,/3 = lin equation (14. ip . we have /^(j_„+2,n.-i = 0. Suppose 
fm,n-i = for some m > 70 — n + 2. Since fm,n = by the supposition on 7, using equation 
(14. ip . we have fm+i.n-i = 0. Thus by induction on a, we obtain the lemma. 

By symmetry, (b) can be proved similarly using the steps of (a). □ 

Lemma 4.3. (a) // /i^^^ = /i,^^ = for some 71 < 72, then /i,^ = /or 71 < 7 < 72. 

(b) // = = for some 71 < 72, then = /or 71 < 7 < 72. 

Proof. We need only to prove (a). Let a = 72 — 71 + 1 and /3 = 71 — 72- Since a + 7 = 
72 + 7 — 71 + 1 > 72 + 1 and 7 < 72, by Lemma 112] (a), /i,^2 = gives us fa,'y = 0. Similarly 
since a + /3 + 7 = 7 + l >7i + l and /? + 7 = 71 + 7 - 72 < 7i, /i,7i = implies fa,(3+'r = 0. 
Consequently from equation (14. ip . we know that fi^y = fa+p^-y = 0. □ 

Roughly speaking, the structure of an intermediate series i?-module V = 0^^^ = 
©7ez*^[^]'^7 niust belong to one of the following two cases: 

Case 1. The truncated- suhmodule case 
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If there is a 70 G Z, such that /i^^^ = = 0, we call V an intermediate B module 

with truncated submodules. 



By Lemma SSI there must exist some 71,72 G Z, such that fi^jj-i 7^ 0, /i.-ya+i 
/i,^ = for 7i < 7 < 72. Similarly, there are 73, 74 G Z, such that /i,73-i 7^ 0, /i,74+i 7^ and 
/_i^7 = for 73 < 7 < 74. Let p = max{7i, 73 — 1}, q = min{72 + l, 74}. Then by Lemma 
Wi = 0^<p and W2 = 0^><y are both B-submodules ofV. We call W^i, 14^2 truncated 
intermediate series S-modules. Hence as a 5-module, V is the direct some of truncated 
submodules Wi, W2 and trivial submodules with p < •y < q. Note that p,q are allowed 
to approach 00. 

Case 2. T/ie complete Z-graded case 

If for any 70 G Z, either /i^^^ or /.i^^^+i is a nonzero polynomial, we call V a complete 
Z-graded module. Note that this class of i?-modules are indecomposable. 

It will be proved later that the first class of -B-modules must be trivial. Therefore we 
shall assume the modules discussed all belong to the second class if not declared. 



Lemma 4.4. If for any 70 G Z, not both /i.^g and /^i.^g+i are zero polynomials in (4-1)- 
Then there must exist a constant C G C and a set of polynomials Fa^^{s) G C[s], such that 
fa,-y{^, d) = Fa^^{{a + 7 + C)X + ad) for any a, 7 G Z. In particular, /o,7(A, 9) = (7 + C)X 
for all 7 G Z. 

Proof. By setting a = /3 = in equation fl4.ip . we have 

/o,7(/i, d + A)/o,7(A, d) = fo,jiX, d + /i)/o,7(/i, d). 

Comparing the the polynomial degrees of A on both sides, we get deg^^ fo,"/{x, y)+deg^ fo,'y{x, u) 
= deg^. /o,7(x, y). Thus degy fo^^{x,y) = 0, which implies /^^(x, = /^^(x) for some 
h^{x) G C[x]. 

Let /3 = in equation (14. ip . we obtain 

- aflfa,-y{\ + /i, (9) = h^{fi)fa,-y{\, 0) - fa,-y{\, d + fi)ha+^{fi). (4.3) 

Suppose degj, /q,,7(x, y) = n, then d^fa,'y{X,d) = (pa,'y{d) for some (/^^^^(S) G C[d]. Taking 
the n-th partial derivative with respect to A on both sides of equation (14. 3p . we obtain 

Since (pa,'y{d) dose not divide the left hand side of the equality, (pa,'y{d) does not depend on 
d. By our supposition, either ipi^^ or (p^i^^+i is not zero, which suggests h^+i{fi) = h^{fi) + /i 
for any 7 G Z. Hence induction gives us haj^^{^) = h^{fi) + a/i for all 0,7. Now we have 
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that is 

If fa,'y{x, y) does not depend on x and y, for any a, 7 G Z, a 7^ 0, equation (14. ip implies 
that fa^-y is always a zero polynomial, which means V is trivial. Thus there must be some 
ao, 7o G Z, tto 7^ 0, such that /ao,7o(x, y) does not depend on x and y. 

For this /ao,70! have 

We shall prove /iao+7o(/^) = for some constant Cao+^o- 

Let gi{X,n,d) = /„o,7o(A+/i, ^) and 5(2 (A, /i, 9) = /«„,^o(A, 9+/i)-/ao,7o(A, 9). 

Then if /lag+^g (yu) is not a zero polynomial, we can show gi and (72 are not zero polynomials 
either. Suppose on the contrary gi = 0, then g2 = 0. Thus /ao,7o(A + /U, f^) = /ao,7o(A,f^ + 
Ai) = /ao,7o(A! f^)) which means /ao,7o is a constant polynomial and leads to a contradiction. 
Similarly, (71 = if (72 = 0. 

If /i = 0, we have (71 = 0. Thus fi\gi. Since i9;x5'i|^=o 7^ 0, f Since (71 is not a 
zero polynomial for /i 7^ 0, the only non-constant polynomials in C[/i] that divide (71 are of 
the form Afi with A EC Hence gi{X,fi,d) = fihi{X, fi,d), where hi is not divisible by any 
polynomial in C[/i]. Similarly, g2 = /i/i2 for some /12 with the same property as hi. 

Now we have ao/i ■ /i/ii = /iQ,o+^o(/i)/i/i2, which implies /iq-q+^o (/i) = Ca^+^y/i for some 
constant C^o+^o ^ Then /lo(Ai) = /iao+7o(At) - ("0 + 7o)yU = (C^o+^o - (ao + 7o))/W- 

From now on, we shall fix a constant C G C such that /2.o(yu) = Cfi. Consequently 
haifi) = hoi^fi) + afi = {a + C)fi for any a G Z. That is, fo^-yix, y) = (7 + C)x for all 7 G Z. 

Now we have 

afi{fa,^{X + /i, (9) - /a,7(A, 9)) = (a + 7 + C)fi{fa,^{X, d + fi)- fa,^{X, d)). (4.4) 
If /i 7^ 

fa,^{X + IJ,,d)-fa,y{X,d) , /a,7 ( A, 9 + /x) - ( A, 9) 

a ■ = ( a + 7 + G j . 

Let /i approaches zero, we can obtain a set of partial differential equations (PDE) with 
respect to /q,^^ for any a, 7 G Z in the following form 

a.%^ = (a + 7 + C)%^, 
ox oy 

where we should keep in mind that fa^^{x,y) is required to be a polynomial here. 

We solve the above PDE under the initial condition F{s) = /q^^(0, s), where F{s) is a 
polynomial in one indeterminate s. Let z = fa^-y{x,y), the ordinary differential equations of 
the integral curve are 

dx dy dz 
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integration along the curve gives 

x = at + A, y = -{a + 'J + C)t + B, z = H, 

where A, B, H are constants to be determined. 

The initial value of the PDE implies that the integral curve passes {0,s,F{s)), which 
means 

X = at, y = —{a + 'J + C)t + s, z = F{s). 
We assume a 7^ 0, the first two equations will give us 

a + 7 + C 
s = y -\ • X. 

a 



Thus 



a + -f + C 

z = r [y -\ ■ X) 

a 



which means the general solution for the PDE is 

/,,-,(A, d) = F^,^{{a + 7 + C)A + ad), (4.5) 

for some polynomial Fa^.y{s) G C[s]. Note if a = 0, /o,^(A,9) = (7 + C)\ can be fitted into 
equation (14. 5p . Thus equation (14. 5 p holds for any a,7 G Z. □ 

A similar result can be set up for the first case of intermediate series -B-modules: 

Lemma 4.5. Let V be an intermediate series module of the first class, that is, V = 
Wi W2 ©p<^<g as a B-module. Then there must he some constants Ci, C2 G C and a 
set of polynomials Fa^-./{s) G C[s], such that 

Fa,'y{{a + 7 + Ci)\ + ad) if a + j < p and 7 < p, 
/a,^(A, d) = ^ Fa,^{{a + 7 + C2)X + ad) if a + •y > q and 7 > g, 
elsewhere. 

Now equation (14. ip can be written as 

(/3A - a/i)F«+/3,^((a + /3 + 7 + C)(A + /x) + (a + I3)d) 
=F^,^{{f3 + 7 + + f3{d + A))F,,^+^((« + f3 + -f + C)\ + ad) (4.6) 
- Fa,^{{a + 7 + C)A + a{d + /i))F^,„+^((a + /3 + 7 + C)fx + (3d). 

For convenience, let's denote degFQ,_^(s) = tt-q,^^. 

We are finally able to get rid of the annoying zero structure coefficients: 

Lemma 4.6. If FaQ^-y^ = for some ao, 70 G Z, where ao 7^ 0, then Fa^^ = for all a, 7 G 
that is, V must be a trivial B-module. 
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Proof. If Fag^^Q = for some ao, 70 G Z, where ao 7^ 0, let a = ao, 7 = 70 in equation (14. 6p . 
We have 

{13X - aoiJ,)Fao+(s,yoii(^o + /3 + 7o + C')(A + /i) + (ao + l3)d) 
=Fp,^oiW + lo + C)fi + f3{d + A))F„,,^+^,((ao + /3 + 70 + C)A + ao^)- 

If n/3,^g > 1 or nQ,p,/3+^Q > 1, the expansion on the right hand side of the equality will contain 
a term only have one variable d, but the left hand side does not. Thus n/3,^g = nao,i3+'yo = 0, 
which implies = for any 13 & Z. Therefore we have proved if -Foo,7o — O5 then 

Fa,'yo = for all a G Z. In particular, we get -Fi,7o = -^-1,70 = 0. By Lemma 14.21 for any 
7 G Z, we can obtain a /3o 7^ such that -F/3o,7 ~ ^- Hence F^^^ = for any a, 7 G Z. □ 

By Lemma [4.51 and the proof of Lemma [4.61 we can conclude: 

Proposition 4.7. An intermediate series B-module belonging to the first case must he trivial. 

Thus we need only to focus on classifying the i?-modules in the second class. 

Proposition 4.8. Let V = be a nontrivial free intermediate B-module with 

C[d]-basis {v^ | 7 G Z} and structure coefficients {/q,_^(A, d) = Fa,^{{a + 'y + C)\ + ad) | a, 7 G 
Z} . If C ^ Z, then V must be isomorphic to some Vq^d with C,D E C which defined in 
Section 1. 

Proof. Let /3 = in equation (14.61) . we get 

aFa^^{{a + 7 + C)(A + /i) + ad) 
= (a + 7 + C)F„,^((a + 7 + C)A + a{d + //)) - (7 + C)F„,^((a + 7 + C)A + ad). 

If Ua,^ 7^ 0, comparing the coefficients of fi'^"--^ , we obtain 

a(a + 7 + C)'''^-'-' = (a + 7 + (4.7) 

which implies na,-y = 1 for a 7^ 0, since C ^ Z. Because Fo_-y((7 + C)\) = fo^^{X,d) = 
(7 + C)A, we can assume Fq^^{x) = x, i.e, Ua,^ = 1 for any 7 G Z. 

Since for any 0,7 G Z, Ua^-y < 1, we can suppose Fa,^{{a + 7 + C)A + ad) = Pa,-y{{a + 
7 + C)A + ad) + Ra,'y, where Pq,,^, Ra^-y G C. We already have Po,7 = 1 and i?o,7 = for any 
7 G Z. 

Now equation (14. 6 p becomes 

(/3A - aiJ.){Pa+p^^{{a + f3 + j + C){X + fi) + {a + (3)d) + R^+pa) 

HPpaiiP + l + C)^l + P{d + A)) + Rp^^){P^^p+^{{a + P + ^ + C)\ + ad) + R^,p+^) 

- {P^^{{a + + C)X + a{d + fi)) + R^^){Pp ^+^{{a + P + 'y + C)fi + Pd) + Rp 0.+^). 

(4.8) 
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Since C^Z, a + /3 + 7 + C7^0. Comparing the coefficients of in equation (14.80 . we 
have [5{a + l3+'y + C)Pa+i3,j = l3{a + l3 + 'y + C)Pa^i3+^Pi3,y, which gives us Pa+is^ = Pa,f3+yPi3,y 

for /3 ^ 0. Since Po,7 = 1; Pa+i3,-y = -Pa,/3+7-Ps,7 also holds for (3 = 0. Thus we always have 

-^0+^,7 = Pa,/3+-yPl3,-y (4-9) 

For any a > 1, applying (14.91) repeatedly, we can obtain 

Pa,'1 -Pi, 7-fa— 1,7+1 

= -Pl,7-Pl,7+l-fo-2,7+2 



-Pl,7-Pl,7+1 ■ ■ ■ -^2,0+7-2 
-Pl,7-Pl,7+1 ■ ■ ■ Pi Pi ,0+7— 1 ) 



that is 



a-l 



Pa,^, = \{Pia+i- (4.10) 



i=0 



Similarly, if a < —1, we have 



-1 



-^".7 1^-^1.7+* ~ -fo,a+7- (4-11; 



Since Pa,'y are not equal to zero, we can choose a proper family of constants F = {Ca G 



C|Cq 7^ 0,a G Z} such that Pi^^ = Let a = 1 and /3 = in equation (14. 9p . we 

get Pi^^ = Po,7-Pi,7- Thus Po,7 = 1 for any 7. Now equation (14.101) and (14.111) turn into 

Pc^a = if " ^ 1 and P„,^ ri %^ = 1 if a < -1, which suggest P„,^ = %^ for 

any a G Z. 

c 

Now let Pq^^ = -g^ ■ Q;/ra,7 for some -ft'a,^ G C, we have 

i^a,7((a + 7 + C)A + a9) = ^^{{a + -f + C)\ + ad + aK^,^). 

Let's change the C[(9]-basis of V v^^ to t/ = C^f^. We have 

Fa,-y{{a + 7 + C)A + ad) = {a + 'y + C)X + ad + aKa,^. 

Consequently equation (14.81) becomes 

(/3A - + /3 + 7 + C){\ + /i) + (a + + (a + P)Ka+p^^) 

= {{13 + 7 + + + A) + + /3 + 7 + C)A + a9 + ai^,,/3+^) (4.12) 

- ((a + 7 + C)A + a{d + /i) + aK«,^)((a + /3 + 7 + C)/i + /39 + l3Kp^a+^). 
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Comparing the coefficients of A and d in equation fl4.12p . we get 

(a + /3)Ka+i3,^ = aKa,p+i + (a + /? + 7 + C)Kp^^ - (a + 7 + C)Kfj^a+^, 

Ka,l3+'y + KfS^^ = Kp^a+'y + -f^a,7- (4-13) 

Let a = /3 = 1 in the ffist equation of fl4.13p . we have 
2^2,7 = A'i,n.^ + (2+7+C)i^i,-,-(l+7+C)i^i,i+-, = (2+7 + C)ifi,^-(7 + C)A'i,i+^. (4.14) 
Let a = 2, /3 = 1 in the second equations of f l4.13p . we have 

J^2,l+7 + A:i,7 = i^l,7+2 + /^2,7- (4-15) 

By equations ( 14. 14^ and (14.15p . we have Ki^^ = Di for some constant Di G C. By the second 
equation in fl4.13p . there is K^^^ = for some constant G C. By the ffist equation in 
(14:T3|) . we have 0^ = for all a ^ 0. 

Note that we can suppose Kq^^ = D without affecting the expression of Fq .^, therefore 
we get -K'a,/? = D for all a, /3 G Z. Thus we have 

+ 7 + C)A + «9) = (a + 7 + C)\ + a{d + D) 

for all a,7 G Z. This means La{w)\v'^ = ((a + 7 + C)\ + a{d + D))v'^_^^, that is, V is 
isomorphic to Vc,d- □ 

Proposition 4.9. Let V = ©^g2C[9]f^ be a nontrivial free intermediate B-module with 
<C[d]-hasis {v^ | 7 G Z} and structure coefficients {fa,'y = -^0,7 | a,7 G Z}. If C eT,, then V 
must he isomorphic to Vc^d, Vd or for some C,D eC, which defined in Section 1. 

Proof. For convenience, we change the C[9]-basis {lU/ 1 7 G Z} into {v'^ = v^^c I 7 G Z}. 
Then the structure coefficients associated with {v'^ | 7 G Z} are {/a,7(A, d) = FQ^^((a + 7)A + 
ad) I a,7 G Z}, then equation (14. 6p becomes 

(/3A - + /3 + 7)(A + /i) + (a + (3)d) 

=Fp,^{{f3 + 7)/i + + A))F„,^+^((a + /3 + 7)A + a9) (4.16) 
- F„,^((a + 7)A + a{d + fi))Fp^^+^{{a + /3 + 7)/^ + pd). 

By equation fl4.7p . it is only possible that Ua,^ > 2 for 7 = or a + 7 = 0. 

If na,'y < 2 for all a,7 G Z, by the similar proof of Proposition 14. 8[ we also have the 
module V is isomorphism to Vc^d- 

If np^^o > 2 for some (3o 7^ 0. Let a + 7 = in equation fl4.16p . we get 

(/3A - a/i)F„+^,^(/3(A + /i) + (a + (3)d) 
=Fp,,{{P + 7)/^ + (3{d + A))F,,^+^(/3A + ad) 
-F„,^(a(9 + /i))F^,o(/3(/i + 9)), 
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which means 



(4.17) 



If a, 7 7^ and a + 7 = 0, /3o + 7 7^ 0, we have na+i3o,'y, npg^.y, na,i3o+-y < 1, which imphes 

Thus we must have ri^o,o = 2 and rzo,^ = for any a + 7 = 0, 07^0 and /3o + 7 7^ 0. 

On the other hand, if a + 7 = 0, /3o + 7 = 0. We have a = /So = —7- Let a = (3o, (3 = 
/So, 7 = — /5^o in equation f l4.16p . we obtain 



Suppose n0g^_i3g > 1. Notice that n20o-i3o < 1. The polynomial degree for A on the right 
side of equation fl4.18p will be larger than 3 but smaller than 2 on the left hand side. Thus 
we must have n/jg = 0. 

Now we have proved that Ua^^ = holds for any a + 7 = 0, a 7^ 0. Hence if a + 7 = 0, 
expression fl4.17p becomes 



For any /3 7^ 0, we can choose a proper pair of a and 7 so that 77^0, 7 + /37^0 and 
a + /3 + 7 7^ 0, which in turn gives us Ua+p^-y, np^^, na,i3+'y < 1- Hence for any /3 7^ 0, we have 
obtained 



Now we have proved that ria^-y = for all a + 7 = 0, a 7^ 0, and ri/? ^ 2 for all /3 7^ 0. 
Consequently, Fa^^ can be written as 



where P^,^, Qa,^, Ra,'y £ C are coefficients. The coefficient a added when 7 = and q; + 7 = 
is meant for the convenience of later steps. 

As in the proof of Proposition 14.81 assuming Pq q = 1, we still have Pq,^^ = ^^g±2i for a 

given set of constants {Ca G C| Cq 7^ 0,a G Z}. Now use the technique to rescale the 
C[9]-basis of V from to v' = C.yV.y again, we obtain a refined form of Pa,7 as follows 



/3o(A - /i)P2/3o,-/3o(/3o(A + /i) + 2f3od) 

Fp,,_pMd + \))FpM{\ + d)) - Fp,,_Mid + /i))P/3o,o(/3o(/i + d)). 



(4.18) 



n(3,o < max{na+i3,^ + 1, + 
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where Ka,^, Hafi,Tafl G C are coefficients to be specified. 
In equation f l4.16p . let a = 1, /3 = 1, 7 = 0, we have 

(A - /i)(A + /i + 29 + K2,-i) = (A + + /7i,o(A + d) + Ti.o - ((/i + + /7i,o(/i + d)+ Ti,o). 

Thus Hifi = 2/^2,-1- 

Similarly, ifa = l,/3 = l,7 = — 1, we have Hi^q = if2,o and Ti^o = ^2,0- 
If a = 1, /3 = 2, 7 = -1, we get ^^2,0 = -^"^'1,1 + -^2,-1 and r2,o = Ki^iK2-i- 
If a = 1, /3 = 2, 7 = —2, we obtain Hi q = Ki^^2 + -^'^2,-1 • 

Suppose Ki i = D for some constant D. Then from the relations above, we can deduce 
that Ki,_2 = K2,-i = = D, H,,o = H2,o = 2D and Ti^ = T2,o = D\ 
Thus by equation fl4.16p and using induction, we have 



for all a G Z+,7 G Z. By symmetry we can show that the above formula also holds for all 
a, 7 G Z. Thus V is isomorphic to Vd as a 5-module. 

On the other hand, if naa,-yo > 2 for some ao,7o 7^ such that ao + 70 = 0. Similar 
treatment as above can show us 



for some constant D G C, which means V is isomorphic to V^. 

Thus we have proved that V must be isomorphic to either Vd or for some D G C. □ 

Summarizing Proposition 14.81 and 14. 9[ we conclude that Theorem 11.21 holds. 
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